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(2)  Figures to the right indicate marks of corresponding question.
(3) Follow usual notations.
(4) Use of non-programmable scientific calculator is allowed.
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Answer the following as directed : (Any FIVE )

Define Ring with a Unit element. Give an example of Ring without a Unit
element.

In a Boolean ring R ; prove that a + a = 0; for every a in R.

Let ¢ : R —> R'be a homomorphism of a ring R into a ring R'. Then prove
that ¢(—a) =—¢@(a); for every a in R.

If Uis an ideal of a ring R with a unit element 1 and 1 € U, then prove that
U=R.

Justify: 3 is a greatest common divisor of 3 and 6 in the commutative ring

37.

Let R be a Euclidean ring and a # 0, b # 0 in R. If b is unit in R, then prove
that d(a) = d(ab).

Define Prime Element and Relatively Prime Elements in a Euclidean
Ring.

If 7 is a prime element in a Euclidean Ring R and 7| ab; for a, b € R, then
prove that t |a or 7| b.
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Answer any Two of the following : (10)

Define Zero Divisor in Commutative Ring. Prove that every field is an
integral domain.

Prove that the commutative ring D is an integral domain if and only if
a, b, c € D with a # 0; the relation a-b =a-c¢ = b = c holds in D.

Define a Boolean ring. Prove that every Boolean ring is commutative.

Answer any Two of the following : (10)

Let ¢ : R > R'be a homomorphism of a ring R into a ring R". Then prove
that ¢ is an isomorphism if and only if 7(¢) = (0) ; where /(¢) is the
Kernel of a homomorphism ¢.

Define Right Ideal in a Ring. If F'is a field, then prove that its only ideals
are (0) and F itself.

Let ¢ : R —> R' be a homomorphism of a ring R onto a ring R". If R is
a commutative ring with a unit element 1, then prove that R’ is also a
commutative ring with a unit element ¢(1).

Answer any Two of the following : (10)

Give an example of a Euclidean ring which is not a field. Prove that every
field is a Euclidean ring.

(i)  Find all associates of 3 in the commutative ring Jy, of integers
modulo 9; with a unit element 1.

(11) If; for a, b in an integral domain R with a unit element; both a|b and
b|a hold true, then prove that a = u - b; where u is some unit in R.

Define 4ssociates in a Commutative Ring with a Unit element . Prove that
two greatest common divisors of a, b in a Euclidean ring R are associates.

Answer any Two of the following : (10)

Prove that every non-zero element in a Euclidean ring R is either unit or
can be written as a product of finite number of prime elements in R.

Mention all the prime elements in the Euclidean rings 7 of all integers
and J|, ; of integers modulo 17. If a, b and c are elements in a Euclidean
ring R such that (a, b) = 1 and a| bc, then prove that a|c.

Prove that an element a in a Euclidean ring R is unit in R if and only if
d(a)=d(1).
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